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Question 1 [20 marks} 


(a) State the Fundamental Theorem of Arithmetic. Find the prime factorisation of 18315. 
List the divisibility tests that you have used. 


(b) Find ged(a,0) for a 4 0. 


(c) Let d = gcd(a, b) and suppose that x and y are integers such that ra+yb = m. Prove 
that d|m. 


(d) Use the Euclidean algorithm to find the greatest common divisor of 15 and 105, and 


write it in the form 152+ 105y where x and y are integers. 


(e) Determine, for each of the following linear Diophantine equations, whether there are 


solutions and find all solutions if they exist. 


(i) 15a + 105y = 30; 


(ii) 15a + 105y = 35. 


Question 2 [20 marks| 


(a) Find the last digit of the number 2017792". 
(b) Show that the square of any integer is of the form 3k or 3k +1 where & is an integer. 


(c) Determine, for each of the following linear congruences, whether there are solutions 


and find all solutions if they exist. 


i) 62 = 2 (mod 3), ii) 4x = 3 (mod 17). 
(d) Solve the following system of linear congruences. Check your solution. 
x = 7 (mod 9) 


2 (mod 4) 
= 0 (mod 25). 


8 
II 


8 
I 


PMTH338 Trimester 1 2017 


(ce) Consider the system of two linear congruences, 


x a, (mod m;) 


x az (mod mz). 


The Chinese Remainder Theorem states that the solution exists if (m,m2) = 1. Can 
we conclude that this system has no solutions if (m1, m2) > 1? 
Question 3 [20 marks} 
(a) State and prove Wilson’s Theorem for a prime p. 
(b) Define the Euler phi function, ¢(n). 


(c) Use the definition of the Euler phi function to prove that 
di 
o(p™) = p™(1 — —) for any prime p and positive integer m. 
Pp 


(d) Find $(144). 


Question 4 [20 marks} 


(a) Find the order of the integers 3 and 10 modulo 11. 
(b) Find all primitive roots mod 7. 
(c) Define the notion of the index of a to the base r modulo m, ind, a (modm). Find 
ind3 2 (mod7). 
Question 5 [20 marks} 
(a) Find all solutions of the quadratic congruence 2x? + x + 1 = 0 (mod3). 
(b) Define the Legendre symbol (<). where p is prime. Find values of a such that 


@)=. 


3 
(c) State the Law of Quadratic Reciprocity. Use this law to calculate (3): 


3 
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Question 6 [20 marks| 
(a) Find all primitive Pythagorean triples, x, y, z with z < 20. 
(b) Deduce that ,/p is irrational for any prime p. 


(c) Prove that if n = 3 (mod4) then n cannot be written as the sum of two squares. 


Please remember — This examination paper MUST BE HANDED IN. Failure to do 
so may result in the cancellation of all marks for this examination. Writing your name 
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